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Existene of a polyhedron whih does not have
a non-overlapping pseudo-edge unfolding
⋆
Alexey S Tarasov
ISA RAS, Mosow, Russia,
Abstrat
There exists a surfae of a onvex polyhedron P and a partition L of P into
intrinsially at and onvex geodesi polygons suh that there are no onneted
"edge" unfoldings of P without self-intersetions (whose spanning tree is a subset
of the edge skeleton of L).
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1 Introdution
Let S be an abstrat 2-dimensional polyhedral surfae with n verties. We say
that S is intrinsially onvex if the urvatures ω1, ω2, . . . , ωn of all verties
satisfy 0 < ωi < 2π for all i ∈ [n]. Of ourse the surfae of every onvex
polytope in R
3
is intrinsially onvex. The following result shows that there
are essentially no other examples:
(Alexandrov's existene theorem). Every intrinsially onvex 2-dimensional
polyhedral surfae homeomorphi to a sphere is isometri to the surfae of
a onvex polytope P ∈ R3 or to a doubly overed polygon.
There is a onjeture: every onvex polyhedron has an edge net. This question
has a long story. The earliest referene to edge unfolding was made by Albreht
⋆
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Durer [2℄. At rst time this onjeutre was expliilty posted by Sheppard in
1975 (2).
At rst glane the onjeture seems to be true. If we take a polyhedron, it is
very easy to nd its unfolding.
Even to nd a polyhedron with at least one overlapping unfolding is not trivial.
On g. 1 we an see suh example of overlapping unfolding to the thin trun-
ated pyramid. It is lear that the unfolding has overlapping beause the
urvature (angle defet) of the upper base is very small and the left angle of
the upper base is notieable less than π/2. We will use suh idea later.
It is onvenient to onsider this onjeture by thinking about a polyhedral
surfae as a metri spae without embedding into R
3
.
Aording to Alexandrov's theorem, suh embedding always exists and we do
not need to are about it.
It is easy to nd verties on a surfae  they have total sum of angles less than
2π. But points on edges and on faes do not have suh distintive features.
There is no simple way without a lot of alulations to nd edges skeleton.
Alexandrov's theorem says that suh skeleton exists and unique, but does not
give any way how to nd it. There is a more onstrutive proof of this theorem
((4)). But still this proof need make a lot of alulations to nd edges.
Then we have the following question: does edge-skeleton a really important in
the Durer onjeture.
We an formulate a similar onjeture, whih does not depend from edge-
skeleton: Let P be a polyhedral surfae homeomorphi to a sphere. Let L be
a partition of P into geodesi polygons, at and onvex in terms of the in-
trinsi metri (see def. 3) Does there exist a non-overlapping unfolding of this
polyhedral surfae, whose spanning tree lies inside edge skeleton E(L)?
In this paper we onstrut a ounterexample to this question.
A similar question about geodesi triangulated 1-skeletons was asked by Je
Erikson (5). Let T be an arbitray triangulation of a onvex polytope whose
verties are the verties of the polytope and whose edges are geodesis. Can the
surfae by unfolded without self-overlap by utting it along edges of T?
It appears that for Erikson's question similar ounterexample an also be
onstruted.
This question was inspired by another very interesting instinsi onjeture on
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the same onferene:
Bobenko's onjeture (6) Can the boundary of a onvex polytope be unfolded
into the plane without self-overlap by utting the surfae along of the Delaunay
triangulation T of the boundary? (T an have loops and multiple edges, but the
faes are triangles). In partiular, if all faes of a polytope are aute triangles,
an it be unfolded by utting along the edges of the polytope?
Here another two similar onjetures by O'Rourke (7): Prove (or disprove)
that every onvex polyhedron all of whose faes have no aute angles (i.e., all
angles are ≥ 90◦) has a non-overlapping edge-unfolding
Prove (or disprove) that every triangulated onvex polyhedron, all of whose
angles are non-obtuse, i.e., ≤ 90◦, has a non-overlapping edge-unfolding. If
the polyhedron has F faes, what is the fewest nets into whih it may be ut
along edges?
Fig. 1. Overlapping unfolding.
Outline of the proof:
(1) Criteria for non-existene of an unfolding for a speial polyhedral surfae
with border.
Here we will give a suient ondition for non-existene of a one-piee
unfolding whih is generalizing overlapping as on g. 1. This ondition is
dened on the plane in terms of the weighted enter of subtree verties
with respet to their orresponding root edges.
(2) Constrution a spiral-like gadget.
Here we will show the polygon T and the partition LT with some
speial properties. In partiular, the polyhedral surfae in some sense
lose enough to this partition does not have an unfolding. does not have
an unfoldable net.
(3) Constrution of a ounterexample.
Here we will show a ounterexample (in whih additional verties with
no urvature are used).
(4) Proof that the ounterexample does not have an unfolding. Constrution
of a ounterexample without additional zero-urvature verties.
(5) A simpler ounterexample.
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2 Denitions
Denition 1. An unfolding is a set of polygons with a rule for gluing the
boundaries.
Denition 2. The urvature curv(v) of a vertex v is the dierene between
2π and the sum of planar angles inident to this vertex.
Denition 3. A partition L of a surfae of a polyhedron is alled onvex
geodesi if the following onditions hold:
1. Any vertex with non-zero urvature is a vertex of L;
2. Any part Pi of the partition L unfolds into a at onvex polygon.
Denition 4. L-unfolding is a unfolding of P spanning tree of whih is a
subset of edge-skeleton E(L) of the onvex geodesi partition L.
Denition 5. An innitesimally urved polyhedron is a onvex polygon P on
the plane T together with nitely many internal points pi ∈ int(P ) in general
position and weights αi for eah internal point (αi ≥ 0,
∑
∀i αi = 1); Verties
qi are verties of polygon P .
Let us assume that diameter max(x, y)∀x, y ∈ P of P is equal to 1.
Denition 6. For a given innitesimally urved surfae P and 0 < β < 2π a
ap H is a polyhedral surfae with border, if the following onditions hold:
1. H above plane T and urved downward.
2. The projetion of H on the plane T is P .
3. Points pi are projetions of verties hi of H on the plane T .
4. Curvature curv(hi) = αi · β;
The existene of a ap follows this theorem:
Alexandrov's theorem ((3), Theorem 21, Part. II 5, p. 118) For any set of
points A1, . . . , Am on the plane T and any set of numbers ω1, . . . , ωm, suh
that:
1. 0 < ωi < 2π for all 1 ≤ i ≤ m
2.
∑m
i=1 ωi = 2π,
there exists an unique innite onvex polyhedral surfae Q with the following
properties:
1. Points A1, . . . , Am are projetions of the verties hi of Q;
2. Curvature curv(hi) = ωi.
Put to any point qi urvature (2π − ∠qi)(1 −
β
2pi
), to point pi urvature αiβ.
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Total sum of urvature is 2π. By Alexandrov's theorem there exists an unique
innite polyhedral surfae Q satisfying these onditions. Suppose H is a part
of Q and H projets into P . The H is a required ap.
Note that H depends ontinuously on β. Indeed, the map of P into a set
of points Ai and numbers ωi is ontinuous. Thus, the reverse map not only
unique but also ontinuous.
Denition 7. Let L be any partition of the polygon P into onvex polygons
Pi, suh that the verties of L are the verties of P and points pi. Denote by
E(L) the 1-skeleton of the partition L.
Note that the partition L does not have any orrespondene with faes of H .
Denition 8. Dene a map f : P → H ⊂ R3. Let triangulation L′ be some
subdivided partition L if the following onditions holds:
(1) For every vertex pi and qi the projetion of f(x) into T is x.
(2) For every edge xy of the triangulation L′, an image f(xy) is a shortest
path between f(x) and f(y) strethed evenly.
Hene points pi in general position, for small enough β edges of f(L
′)
in H are dened unique and ontinuously depending from β.
(3) For a triangle △xyz of L′ we an unfold the orresponding geodesi tri-
angle △f(x)f(y)f(z) into a plane. Then f is the unique ane transfor-
mation of △xyz to △f(x)f(y)f(z).
It is lear that this map f is one-one.
Denote by hi = f(pi) a verties of the hat H .
When it is lear from ontext we will denote an objets (partition and uts)
and its image similarly.
Denition 9. A subgraph G ⊂ E(L) \ ∂P is alled a ut if the following
onditions hold:
(i) G ontains all points with positive weights;
(ii) G ∪ ∂P is onneted.
(iii) G does not ontain yles.
Denition 10. Denote by UG the unfolding of H orresponding to the ut
Gβ.
We onsider that the number of omponents of UG an be more than 1 This
number is equal to the number of independent yles of the graph G ∪ ∂P .
Denition 11. For a given ut (of graph) G on the polyhedral surfae H let
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g : H− > UG be a natural map. If the point x /∈ G then g(x) is a single point.
Denition 12. An edge e of a ut G is alled an A-edge if e disonnets one
of its verties from ∂P . Otherwise it is alled a B-edge (g. 2).
Note that if a graph G ∪ ∂P ontains only 2 faes (inside and outside ∂P ),
then G does not ontain B-edges.
Denote by GA the graph onsisting of the A−edges of the ut G. Dene graph
GB similarly.
q1
q2
q3
q4
q5
q6
p1
p2
p3 p4
p5
p6
p7
p8
p9
GA
GB
∂P
Fig. 2. Graphs GA and GB
Note several fats about GA and GB: Eah omponent of GA is a tree, whih
has one ommon point (outfall) with ∂P or GB. All endpoints of GB lie in
∂P .
Denition 13. Given a ut G, we all a vertex p1 upstream to a point p2
(p1 > p2) if any path onneting p1 with ∂P passes through p2. Similarly,
we dene the upstream partial order on A-edges. Similarly we an dene a
downstream one.
From every vertex v in GA goes only one downstream edge.
Denition 14. Consider a neighborhood B(y, r) of a point y on some A-edge
e (y is not a vertex) where r is small enough that B(y, r) ∩G is a part of the
edge e.
Image of B(y, r) in the unfolding UG onsists of two omponents (g. 3). Eah
of these parts lies on one side of e  left or right (we are looking downstream
e). Denote these parts respetively by BL(y, r) and BR(y, r).
Denote by y′R (y
′
L) an image of y laying in B
′
R(y, r) (B
′
L(y, r)).
Similarly, we an dene left and right images of any A-edge.
Vertex pi an have more than two images. If pi has an inident downstream
A−edge e, two images of pi are ui,L and ui,R orresponding to the images eL
6
and eR.
P RG
y
y′R
y′L
Fig. 3. Left and right images of point y.
Denition 15. A stream of any point x on an A-edge (inluding the verties)
is the vetor
∑
pi>x αi(x−pix). Another way to dene the stream is: A rotation
enter cx is α
−1
x
∑
pi>x αipi (the weighted baryenter). Then the stream is equal
to
fx = αx(x− cx), (1)
where αx =
∑
pi>x αi (g. 4).
p1
p2
e
p3
p4
p5
cp1
fp1
Fig. 4. Stream for point p1
Term stream is alled by analogy with a river. I imagine that graph G is a
river net. The stream is the fore and the diretion there river wants to ow.
Later we will show that for a non-overlapping unfolding the angle between the
diretion of the stream and the river (edges) should be no more than π/2.
Denition 16. A ut G is alled admissible if for every point xinGA with
αx > 0
< x− cx, e > /|e| ≥ 0. (2)
We assume that the edge e is direted from the upper to the lower vertex.
If x is a vertex of G, the ondition (2) denes a half-plane where edge e should
lie.
Denote by l(G) the maximum of − < x − cx, e > /|e|. For a non-admissible
ut G l(G) > 0.
Note that if we draw away from the ut G all edges e with αe = 0, the obtained
graph G′ also is a ut without hanging its admissibility.
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Denition 17. Denote by l(L) = min∀cutG,GB=∅l(G).
A partition L is alled non-admissible if any admissible ut G of L ontains
non empty GB.
As L has nitely many verties, it has nitely many subgraphs, Thus, the
number of possible uts G with GB = ∅ is also nite. Hene, for a non-
admissible partition L l(L) > 0.
3 Criteria for non-existene of an unfolding in H
In this setion we will show, that where is no L-unfolding for the polyhedral
surfae H to the innitesimal surfae with the non-admissible partition L
when urvature β of mycap is small enough.
Unfolding is one or several polygons. We an arrange
ε
Fig. 5. Arrangement of P and orresponding U .
Let us try to arrange these polygons on the plane T to make any point y ∈ UG
be as lose as possible to its pre-image (g. 5).
Then β = 0, H is a at polygon equal to P . And unfolding UG is equal to P .
Sine H depends ontinuously on β for a small enough β we an arrange P
and UG on the same plane in suh way that:
1. The distane
|xx′| < ε, (3.1)
for any point x ∈ P and any image of it x′ ∈ UG
2. For any segment xy ∈ P and its onneted image x′y′,
| |x− y| − |x′ − y′| | < ε|x− y| (3.2).
Let UG be an unfolding ombined with a polygon P satisfying (3.1) and (3.2).
Consider some point x on the ut G and its two images x′L, x
′
R. Denote by c˜ a
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point satisfying
x′R − x
′
L = βαxMrot · (x− c˜x), (4)
where Mrot is a π/2-lokwise rotation matrix.
Lemma 1 For a small enough β and any point x ∈ G
|c˜x − cx| < 3ε.
Proof.
(1) Let s be a Jordan urve on P (with possible breaks), whih intersets G
only at a point x, ontains inside upstream part Gx = {y ∈ G|y > x},
and touhes G at all verties pi > x one (g. 6). Let f(s) be the image of
the urve s on the polyhedral surfae H , and let g(f(s)) be the onneted
image of f(s) on UG.
Denote by ui the image of vertex pi touhed by g(f(s)). Denote by
c′x = α
−1
x
∑
pi>x αiui
Endpoints of the urve g(f(s)) are x′L and x
′
R.
Gx
s
p1
p2
p3
x
P
x′L
xRg(f(s))
u1
u2
u3
UG
f(s)
h1
h2
h3
H
Fig. 6. Gx and images of s
s
p1
p2
p3
x
P,G′
x′L
xRg(f(s))
u1
u2
u3
U ′
Fig. 7. G′ and U ′
(2) The outer semi-neighborhood of the urve s has a unique unfolding, whih
does not depend from anything beyond this semi-neighborhood.
Let us replae Gx in the graph G by urves si, whih onnet eah
vertex pi and x without interseting eah other and urve s. Denote by
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U ′ the unfolding orresponding to this onstruted urved spanning tree
G′ (g. 7 b). This unfolding is not an L-unfolding.
It is possible. Sine s is a Jordan urve, it bounds a region homeomor-
phi to a disk [(8)℄.
Take the images of the vertex pi and the point x on this disk and
onnet them by the hord. Pre-image of this hord is si. Chords for
dierent i do not interset eah other, so urves si do also not interset
eah other.
Every vertex pi has a unique image ui in the unfolding U
′
.
(3) Consider the path onneting points hi and x in the graph G
′
. There
are two images of x orresponding to this ut: x′i,L and x
′
i,R (g. 8 a).
Vetor x′i,R − x
′
i,L does not depend on the form of si and is equal to
Mrot · (x
′
i,c−ui)2 sin(βαi/2), where x
′
i,c is the middle point of the segment
x′i,lx
′
i,r (g. 8 b).
The distane between x′i,c and x is less than ε. Denote by wi the point
suh that (wi − x
′
i,c) = (ui − x
′
i,c)
2 sin(βαi/2)
βαi
. Then |uiwi| <
βα2
i
24
< β when
β ≤ ε <
√
1/5.
Let u˜i be given by the formula u˜i = wi + (x− xi,c).
Distane |u˜i − ui| < 2ε.
u˜1
u˜2
u˜3
c′x
c˜x
x′1,L = x
′
L
x′1,R = x2,L
x′2,R = x3,L
x′3,R = x
′
R
u1
u2
u3
(a)
x′i,L
x′i,R
x′i,c
x
ui wi
u˜i
(b)
Fig. 8. Images of x
Then x′i,R−x
′
i,L = Mrot · (x
′
i,c−ui)2 sin(βαi/2) = Mrot · (x
′
i,c−wi)βαi =
βαiMrot · (x− u˜i) and |u˜i − ui| < ε+ β ≤ 2ε.
We get x′R − x
′
L =
∑
∀i:pi>x(x
′
i,R − x
′
i,L) =
∑
pi>x βαiMrot · (x− u˜i)
By (4) |c˜x = α
−1
x
∑
pi>x αiu˜i.
As c˜x is a weighted enter of u˜i, and c
′
x is a weighted enter of ui, we
obtain: |c˜x − c
′
x| < 2ε.
(4) By (3.1) |ui − pi| < ε. Then |c
′
x − cx| < ε and |c˜x − cx| < 3ε.
Theorem 1 For a given innitesimally urved surfae P and its partition
L there exists an ε suh that for the ap H with urvature β < ε, for any
non-admissible ut G a L-unfolding UG overlaps.
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Proof.
(1) As L is a non-admissible partition then 0 < l(L) < 1. As L is xed,
denote in this theorem l(L) by l.
Consider a ut G.
Let A be a suiently small number, suh that the disk with radius
A and enter pi for any i intersets the skeleton E(L) only at the edges
inident to the point pi. Let γ be the smallest angle between inident
edges of the skeleton E(L).
Let the unfolding UG be arranged with the polygon P satisfying (3.1)
and (3.2).
(2) Sine the ut G is non-admissible, there exists an edge pipj ∈ G, pi > pj
and not satisfying the admissibility ondition (2): (fpi, pipj) < −l|pj −
pi| < 0. Let us take a point a on the edge pipj , suh that the distane
between pi and this point a is r1 = min(A/2, l/2). Sine (a − ca) =
((pi−ca)+(a−pi)). Using |a−pi| < l/2 < r1, we obtain< a−pi, pj−pi ><
l/2|pj − pi|. Then
< a− ca, pj − pi >< −l/2|pj − pi|. (5)
fa
pi
pj
caa
b
PL PR
D
Fig. 9. The point a and the disk D.
(3) Let show that the unfolding UG has self-intersetions in the point a, i.e.
the right image a′R lies inside interior of UG.
Denote by b the point a+ βMrot · fa (g. 9).
Denote by PL, PR two polygons of the partition L inident to the edge
pipj , respetively to the left and to the right of the downstream diretion.
Let D be a disk with the enter b and radius rD = βαa
l
2
.
Let us show that d = |b′− a′R| < rD, i.e. a
′
R lies inside the image of PL.
(4) If β is small enough (β < A
4
), then we have |pi − a| + |a − b| + rD ≤
r1 + β|fx|+ rD.
As fa ≤ αa(ca−a) ≤ 1, we obtain. |pi−a|+|a−b|+rD ≤ A/2+β+β
l
2
<
A/2 + A/4(1 + l/2) < A.
The diskD lies inside PL∪PR. Indeed, for any point x ∈ D, sin(∠apix) <
11
rD+β|fx|
r1−β|fx|−rD
< β(l/2+1)
r1−β(l/2+1
< β 3
r1
.
For β < sin(γ)r1
3
. sin(∠apix) < sin(γ).
Then ∠apix < γ and the disk D lies inside PL ∪ PR.
(5) sin(∠xab) ≤ rD
|b−a|
= βαal/2
βαa|a−ca|
= l/2
|a−ca|
. Using (5) we obtain sin(∠bapj) =
− cos(∠caapj) >
l/2
a−ca
. Then the disk D does not interset with the edge
pipj . Hene, D ⊂ int(PL).
(6) An image g(f(b)) of the point b is the single point b′.
An image g(f(a)) onsists of two points a′L, a
′
R. Taking into aount
seond ondition of Proposition 1, we obtain |(b′− a′L)− (b− a)| < ε|(b−
a)| = ε|fa|.
(7) Consider the distane d = |b′ − a′R|.
d = |b′ − a′R| = |(a
′
R − a
′
L) − (b
′ − a′L)|. Using (3.1), b
′ − a′L = b− a +
ε|b− a| = b− a+ εβfa, d < |(a
′
R − a
′
L)− (b− a)|+ εβ|fa|.
Using Lemma 1, a′R − a
′
L = βαaMrot · (a − c˜a), and |c˜a − ca| < 3ε,
d < βαa|(a− c˜a)− (a− ca)|+ εβαa|a− ca| ≤ βαa(3ε+ ε|ca−a|) < βαa4ε.
Then when β < l
8
, we obtain that d = |a′R − b
′| < rD.
Thus, if β is small enough, the point a′R lies inside the image of the
disk D in the unfolding, i.e. an intersetion has ourred.
4 Constrution of the gadget
In this setion we will onstrut a gadget T  a speial example of innitesimal
polygon and its partition.
Our goal is the following theorem:
Theorem 2 There exists an innitesimal surfae T and its partition LT that
the following onditions are hold:
1. Polygon T is a triangle.
2. Partition LT is non-admissible, i.e. any admissible graph G of LT ontains
non-empty part GB.
3. A admissible graph G onnets all non-zero weighted verties of T .
Outline of the proof:
1. The basi idea of a spiral .
2. Construting the entral square part of the gadget T .
3. Construting the whole gadget T .
4.7. The proof the theorem
In spite of the fat that the gadget T is very ompliated, only a few things
are needed for the main proof: the ombinatorial struture of LT , the fat that
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the partition LT is onvex, and metri properties, enumerated on g. 17.
Proof.
(1) At rst we will the show basi idea how to onstrut a partition with
very few admissible spanning trees.
For a xed vertex a of the ut G, the rule (2) denes a half-plane,
whih the downstream edge from a should point at. There exists at least
one suh edge, beause L is a onvex partition. But this rule allows this
edge not to be unique. It turns out, that one an onstrut speial ases
for whih suh ontinuation is almost unique.
Here we onstrut a partition, for whih, given a starting point, we an
dene any admissible ut unambiguously.
For the enter C, the number of points in period n, the growth param-
eter 0 < q ∈ R and the starting point s (or endpoint e with index ie) take
a logarithmi spiral
f(x) = (Cx + r0q
x cos(φ0 + 2πx), Cy + r0q
x sin(φ02πx)) (6),
where x = i/n, r0, φ0 are parameters to t f(0) = s (or to t f(ie/n) = e).
a105
a65
a33
a137
a73
a89
a97
a0
a153
a145
a121
a9
a113 a41
a25
a140
a57
a17
a81
a129
a49
a1
O
f(0)
f(1/n)
f(k/n)
(a) (b)
Fig. 10. Spiral
Let k, n ∈ N be an integer numbers satisfying following onditions (g.
10 a):
∠Of(0)f(k/n) < π/2 (7.1)
f(0) ∈ int(△Of(1/n)f(k/n)). (7.2)
Let 0 < x < 1 be suh value that ∠Of(0)f(x) = π/2. Then k/n should
be less and lose enough to the x. If n is large enough suh k always
exists. Take nmax > n + 2k.
13
Of(0)f(1/n)
f(−1/n)
f(k/n)
f(−k/n)
Fig. 11. Adjaent points to f(0)
Now take a0 = O ai = f(i/n) for 1 ≤ i ≤ nmax. Pspiral = conv(a0, a1, ..anmax−k).
Weights α0 = 1 and αi = 0 for all i > 0.
For any i < nmax onstrut an edge between points ai and ai+1. For
0 < i ≤ k onstrut an edge between points a0 and ai. For 0 < i ≤ nmax−k
onstrut an edge between points ai and ai+k. This set of edges interseting
with Pspiral denes the partition Lspiral. There are 3 or 4 angles around any
non-bound vertex ai. The biggest angle is equal to ∠f(1/n)f(0)f(k/n).
This angle is less than π beause of (7.2). (g. 10 b). Thus, all polygons
of this partition are onvex.
Consider some admissible graph G.
Suppose the vertex ai is downstream to a0, then cai = a0.
There are some possible ways from ai: O, ai−1, ai+1, ai−k, ai+k (not all of
them exist at the same time).
There is only one way with supporting ondition (2) : aiai+1 (you see
on g. 11 only f(1/n) is under the line).
Thus, any admissible ut of this partition ontains the polyline ak, ak+1, . . . , an3,
where n3 is the minimal index of the point pi on the boundary of the on-
vex hull Pspiral (a71, . . . , a85 on g. 10 b).
Suh unambiguous ontinuation is the main idea in the onstrution of
our ounterexample.
(2) Now we onstrut the gadget T (g. 12, 13, 14, 15).
At rst let us onstrut entral part  the square". This part is en-
trally symmetrial.
Two verties: c1 = (−70, 0); c2 = (70, 0). These points have equal
weights 1/2. All following verties in the gadget have a zero weight.
Add points h1 = (−5, 15); e1 = (−5, 10); j1 = (−3.791,−5.006); f1 =
(−6.565, 21.485); f ′1 = c1,199 = (−6.807, 21.404);m1 = (−11.002, 42.812);m
′
1 =
c2,139 = (17.124, 40.546); n1 = (213.886, 53.695); n
′
1 = c1,198 = (−53.695, 218.886).
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Note that f ′1 is very lose to f1 (g. 14 b).
Let us in a entrally symmetrial way take points with opposite index.
Add edges between n1, n
′
1, n2, n
′
2. This is our square.
Then add the following edges h1h2, e1h1, h1f1, f1j2, f1m
′
1, f1f
′
1, f
′
1m1, e1f
′
1,m1m
′
1,m
′
1n
′
1
and all entrally symmetrial them edges.
Using formula (6), let us make two spirals around c1, c2 ending in e1, e2.
Parameters for a spiral: q = 2, n = 83, k = 70, nmax = 199 (we an take
any value of q, but if q is small, then n and k must be very big, if q is
bigger  we an not draw a piture).
Then we make a lok-wise spiral around c1 : c1,0, c1,1, . . . , c1,129 =
e1, . . . c1,199.
Add the following edges: From c1 to c1,i for all i ≤ k.
From c1,i to c1,i+1 for all i < k − 1.
From ci,i to c1,i+k for all i < k (for i = k the edge is already added, e1f
′
1).
We have to do something with tails: edges c1,ic1,i+k where i > 129. We
hange position of the last vertex to the rst intersetion of a segment
c1,ic1,i+k (from point c1,i) with a line onstruted above.
Now points c1,130, c1,131 lie on e1j1, c1,132, . . . c1,138 lie on j1m
′
2 (m
′
2 =
c1,139), c1,140, . . . c1,150 lie onm2n
′
2, c1,151, . . . c1,171 lie on n
′
2n2, c1,172, . . . c1,198
lie on n2n
′
1 (n
′
1 = c1,198).
We onstrut seond spiral around c2 in the same way. At last, in order
to make all angles less than π, ley us slightly bend all semgnets where
ends of tails lie. Every tail" beome shorter and does not hange its
diretion.
The square" is now slightly onave.
(3) Making a whole gadget (g. 16).
Make a triangle with the verties ti = 7500(sin(2πi), cos(2πi)), i ∈
{1, 2, 3}.
Make third spiral with enter in origin. Parameters of spiral: q =
2.4;n = 83; k = 68;nmax = 87; (this spiral works for three enters: c1, c2, o
so we need bigger q).
Coordinates of starting point o0 = (0,−1198.4), of ending points p =
o87 = (−894.6,−2863.5). Add edges n
′
1o42, n
′
2o0, n1o21, n2o63.
Cut tails as in previous ase. Verties o88, . . . , o100 are on the edge t1t2.
Verties o101, . . . , o127 are on the edge t2t3. Verties o128, . . . , o153 are on
the edge t3t1. Bend edges t1t2, t2t3, t3t1 to makes all angles stritly less
than π. These edges beame slightly onave polylines.
The gadget is ready. The polygon T is △t1t2t3.
Partition LT is dened as set of the verties and edges.
To prove that any polygon of LT is onvex we need to investigate every
vertex and nd that any inident angle is less than π.
For the verties on the spiral it was made by onstrution, also for the
verties on the spiral tails. Other points ei, hi, fi, f
′
i, ji,mi,m
′
i, ni, n
′
i an be
investigate manually. Also these onditions were veried by the omputer
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c2,112n2
c2,152
c1,192
c1,32
n1
c2,104
c1,88 c1
c1,168
c2,32
c1,152
c2,198 = n
′
2
c1,198 = n
′
1
c2,139
c2,192
c1,144
c2,69
c1,69
c1,112
c1,184
c2,184
c1,0
c1,104
c1,176
c2,120
c2,168
c1,96
c2,96
c2,144
c2,147
c2,150
c1,147
c1,150
c2,80
c1,160
c1,139
c2
c2,160
c1,80 c2,176
c1,48
c2,0
Fig. 12. Square part of the gadget T
c2,112n2
c2,152
c1,192
j2
c1,32
n1
c2,104
m1
c1,88
c1
c1,168
c2,32
c1,152
c2,198 = n
′
2
c1,198 = n
′
1
c2,139
c2,192
c1,144
c2,69
c1,69
e1
c1,112
c1,126
c1,184
j1
c2,184
h2
c1,0 e2
c1,104
c1,176
c2,120
c2,168
c1,96
h1
c2,96
c2,144
c2,80
c1,160
c1,139
c2
c2,160
c1,80 c2,176
c1,48
c2,0
Fig. 13. Zoom of the square part.
program.
Coordinates of the gadget and the program one an downloaded from
the web-page http://ds.isa.ru/taras/durer and explore it in detail.
Further we will need metri properties enumerated on g.reftable. This
table means that y is only one vertex adjaent to x that ∠yxcx is obtuse.
For all other verties orresponding angle is aute.
These onditions were veried by a simple omputer program and an
be onrmed manually as well.
(4) Divide GA into 4 graphs G1, G2, G1,2, G0 that do not share edges. G1 =
{e ∈ G|c1 > e and not (c2 > e)}, G2 = {e ∈ G|c2 > e and not (c1 > e)},
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Fig. 14. Zoom of the square part and deep zoom around f1 with f
′
1
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Fig. 15. Zoom around the edge m
′
1c2,69
G1 = {e ∈ G|c1 > e and c2 > e} and G0 all the rest.
We adopt the onvention that a graph ontaining an edge also ontains
its verties.
(5) Consider the rst ase G1,2 = ∅.
Then the G1, G2 polylines separately onneting with ∂T or GB.
Using the properties of the gadget T (g. 17) and the ondition (2),
we an dene the edges of G1 and G2 as follows:
The graph G1 starts from the point c1 and goes by any possible edge
to the point c1,i (i < k) of the spiral. FurtherG1 ontinued unambiguously
along the follwing path: c1, c1,i, c1,i+1, . . . c1,69, . . . , c1,129 = e1, h1, h2, f2, f
′
2,m2, c1,140, c1,141, . . . , c1,150, c2,198 =
n′2, o0, o1, . . . , o87 = p, o88, . . . , o99, t2.
The graph G1 is a part of this path from c1 to the rst point of GB or
t2.
We an dene the path forG2 similarly: c2, c2,i, c2,i+1, . . . c2,69, . . . , c1,129 =
e2, h2, h1, f1, f
′
1,m1, c2,140, c2,141, . . . , c2,150, c1,198 = n
′
1, o42, o43, . . . , o87 = p, o88, . . . , o99, t2.
Again G2 is a part of this path from c2 to the rst point in GB or t2.
We see that if GB = ∅, both G1 and G2 annot avoid the bridge h1h2
and intersets eah other. Then if G1,2 is empty than GB is not empty.
(6) Consider the ase, that G1 and G2 are in dierent ar omponents of G.
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o56
o112
o96
o0
o80
o8
o136
o104
p
o120
t2
o64 o144
t3
o16
o32
o128
o40
o24
o72
o152
o88
o139
o48
t1
Fig. 16. The gadget T (in the enter the square part of T )
As PT has only 3 verties, and every omponent of GB should have at
least 2 endpoints in PT , GB is a onneted graph. Then for some i ∈ [1, 2]
the graph Gi falls into ∂T and G3−i falls into GB. Beause Gi falls into t2,
GB is a polyline onneting verties t1 and t3. But this polyline annot
reah square" part of T without intersetion with o61, . . . , o85, the part
of Gi.
Then ifG1,2 = ∅, G1 andG2 falls separately intoGB. Hene, G onnets
verties c1, c2. We have proved theorem for G1,2 = ∅.
(7) Consider the ase G1,2 6= ∅. G1 and G2 go through the bridge h1h2. G2
does not interset G1 above h1, and G1 does not interset G2 above h2.
Then G1,2 an start only from one hi, i ∈ {1, 2}.
We an unambiguously ontinue the path G1,2 from eah of these points
until it falls into GB or ∂T . For every x ∈ G1,2 the rotation enter cx is
the origin o, midpoint between c1 and c2.
From the vertex hi the graphG1,2 ontinued unambiguously: hi, fi,m
′
i, o3−i,69.
Note that oi,69 ∈ Gi (oi,69 is a last point whih has ommon edge with ci).
G1,2 annot fall intoGi, so it falls intoGB in one of the points f1, f2,m
′
1,m
′
2.
As G1,2 6= ∅, it is lear that G onnets two verties c1, c2, beause
G1, G2, G1,2 have a ommon point  the outfall of G1, G2 and origin of
G1,2.
Thus, if G1,2 6= ∅, then GB 6= ∅ and G onnets c1, c2.
This ompletes the proof of the Theorem 2.
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Vertex (x) Rotation enter (cx) Possible exit y
ci,j (j < 91, j 6= 70) c1 ci,j+1
ei ci hi
hi ci h3−i
hi c3−i fi
fi c3−i gi
gi c3−i mi
mi c3−i c1,81
f ′i c3−i mi
hi o fi
fi o ci,80(m
′
3−i)
ci,80(m
′
3−i) ci ci,10
c1,91 = n
′
1 c1, c2, o o42
c2,91 = n
′
2 c1, c2, o o0
oj (j ≤ 99) c1, c2, o oj+1
o100 c1, c2, o t2
Fig. 17. Neessary metri onditions of T
5 Proof of the main theorem
P a1 a2 P a1 a2
a′1 a
′
2
a′
Fig. 18. Cone-shaping
Denition 19. Let Q be a polyhedral surfae. Let h1, h2 be two verties
satisfying curv(h1) + curv(h2) < 2π.
Take a geodesi h1h2. Cut the surfae Q by this geodesi. Take the double tri-
angle a′1a
′
2a
′
with a′1a
′
2 = h1h2;∠a
′a′1a
′
2 = curv(h1)/2;∠a
′a′2a
′
1 = curv(h2)/2.
Cut this triangle by u1u2. Glue the triangle and the surfae by the lines of the
ut, so that the new glued surfae Q′ is homeomorphi to sphere (disk).
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The surfae Q′ is intrinsially onvex and satises the onditions of Alexan-
drov's existene theorem.
Hene Q′ is the surfae of a onvex polyhedron (or part of the surfae). This
polyhedral surfae ontains one vertex v with urvature curv(v) = curv(p1)+
curv(p2) instead of the two verties p1, p2.
This proedure is alled one-shaping.
Lemma 2 Let Q be the surfae of a polyhedron, let LQ be a onvex geodesi
partition. For a given vertex v one an modify Q by hanging the neighbor-
hood of v into a saled opy of the gadget ap Tv with urvature curv(v). The
obtained polyhedral surfae Q′ has a orresponding onvex geodesi partition
L′.
Proof.
(1) Denote by ei the edges inident to v (g. 20 a). Let γ be the biggest angle
of the partition L around the vertex v. Let r be the length of the smallest
edge ei. Put a point zi on eah edge ei on distane r/3 from v.
For adjaent eiej add an edge between zizj . Denote by Z the polyhedral
surfae bounded by the onstruted yle zi and ontaining v.
Let us sale Tv to make diameter d(Tv) < r/3 cos(γ/2).
t2
t3
t1
c1 c2
t2
t3
t1
c1 c2
Fig. 19. Shemati Tv with real edges and one-shaped T
′
Let T ′ be a one-shaped surfae of Tv (g. 19). Then d(T
′) < 2d(Tv)
for small enough curv(v). The polyhedral surfae T ′ has one vertex with
urvature curv(v). Then T ′v is isometri to a fragment of the surfae of Q
around the vertex v.
(2) Cut from Q the piee isometri to T ′ and replae it into Tv. This gluing
is made isometrially, beause T ′ and Tv has an isometri neighborhood
of the border.
Q′ is a new surfae. Surfae Q′ is an intrinsially onvex. Then it is a
surfae of some onvex polyhedron.
(3) Let us dene a partition LQ′ for Q
′
(g. 20 b). Inside Ti take the partition
Lv.
Outside Z the partition LQ′ equals to LQ. On Ti the partition LQ′
equals to Li. The region outside Ti and inside Z should be somehow
triangulated.
It is lear that LQ′ is a geodesi onvex partition.
Additional points zi only needed to make sure that all polygons of the
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ve1
e2 e3
e4
Tcurv(v)
e1
e2 e3
e4
Z
z1
z2 z3
z4
Fig. 20. Replaing neighborhood of hi into Ti
partition are onvex.
Theorem 3 There exists a surfae of a onvex polyhedral surfae P and its
geodesi onvex partition LP suh that there are no onneted non-overlapping
L-unfoldings of P .
Proof.
(1) The tehnique of onstrution a ounterexample is similar to the teh-
nique in another ounterexamples without non-overlapping unfolding ((11),(12)):
we take a polyhedron Q and replae its vertex with a speial gadget. Any
spanning tree of the modied polyhedron Q′ has a orresponding span-
ning tree in the original polyhedron Q (every time we have to show that
suh orrespondene exists).
Every spanning tree in Q has at least one end. The unfoding of Q′
has overlappings in a gadget orresponding to this end, beause of the
properties of the gadget.
(2) By Theorem 1, for the gadget T , there exists an ε suh that the ap Tβ
is not admissible for β < ε. Let Q be a onvex polyhedral surfae with
the minimal distane between verties at least 2d(T ) and the urvature
of any vertex less than ε.
For example, the prism based on the regular N-gon, where N > 2pi
ε
,
satises this ondition.
Using Lemma 2, hange every vertex hi of Q into a orresponding
gadget Ti with the urvature curv(hi).
We obtain a surfae P and its partition LP . Denote by Li the part of
LP orresponding to the gadget Ti.
Every vertex w of P is a vertex c1 or c2 of Li by onstrution.
(3) Let G be a spanning tree of the polyhedral surfae P suh that G ⊂
LP and the orresponding unfolding UG does not have any intersetions.
Denote by G′ the graph onsisting of edges e ∈ G whih divide G into two
parts G1, G2, where eah part ontains verties of non-zero urvature. It
is easy to see that we an unfold S by utting only G′. Not utted verties
have a zero urvature. The obtained unfolding UG′ is equal to UG.
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Consider a fragment Li, denote by Fi = G
′ ∩ Li.!! As UG′ is a non-
overlapping unfolding, Fi is a ut.
By the seond ondition of Theorem 2, Fi has a non-empty subgraph
Fi,B (whih onsists of B-edges of Fi).
Therefore Fi is onneted to G
′\Fi by at least two points. By the third
ondition of Theorem 2, the graph Fi is onneted.
Sine Fi,B ⊂ G
′
, eah endpoint of Fi,B should be the onnetion be-
tween Fi and G
′ \ Fi. Then Fi and G
′ \ Fi have at least 2 onnetions.
Replae every fragment Fi in G
′
into a single vertex. We obtain a graph
G′′. This graph G′′ has a yle, beause the degree of any its vertex is at
least 2.
Sine any Fi is onneted, G
′
also ontains a yle.
(4) Note that there exists a polyhedral surfae P ′ without zero-urvature
verties, ombinatorially equivalent and arbitrary near to P .
Let show this. Let any vertex hi with zero-urvature be lying inside
some fae f . If some hi lies on the edge of P , we an slighlty hange the
position of hi without hanging the ombinatorial struture and proper-
ties of P .
For eah vertex hi of the partition L whih is not a real vertex of P
take h′i = hi+ε(d
2−r2i )nf , where d is the diameter of P (as a body), ri is
a distane from hi to the enter of the real faet f of P where this point is
lying, nf is a normal vetor of the faet f . Then P
′ = conv(P, convi(h
′
i)).
If ε is small enough all edges and verties of P exist in P ′.
Then P ′ = P∪Pf1∪Pf2 . . . Pfn , where Pfj is a conv(fj, conhhi∈fj (v
′
i)) for
eah fae fj . Sine all verties h
′
i of some P (fj) are lying on a paraboloid,
any vertex h′i annot lie in the interior of Pfj and have a non-zero urva-
ture. Then every vertex of P ′ has a non-zero urvature.
Also, for a small enough ε the surfae P ′ has the partition LP ′ orre-
sponding to LP without any ombinatorial hanges.
The number of subtrees of LP is nite, so for a small enough ε any
LP ′-unfolding of P
′
overlaps as the orresponding unfolding in P ′.
Thus, P ′ is also a ounterexample.
6 A simpler ounterexample
Let Pneedle be a polyhedron whih holds the following onditions:
1. The edge-skeleton of Pneedle is isomorphi to the Tutte graph (g. 21) (9)
(this graph does not have a Hamiltonian yle).
2. Pneedle has 2 adjaent verties h1, h2 with the sum of urvature lose to 4π.
Suh polyhedron exists. It an be onstruted in the following way.
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Using the Steinitz-Rademaher theorem (10), take the polyhedron P with its
skeleton dual to the Tutte graph GT
Take some edge e. Let the polyhedron P ∗ be polar to P with the enter O of
the polar transformation lose to the enter of the edge e.
The obtained P ∗ has two verties h1, h2 inident to the edge e
∗
. If O is lose
enough to the edge e, the projetion of every vertex hi, i > 2 into line h1h2
lies inside the edge e∗. Squeeze ane P ∗ in two diretions perpendiular to e∗
to make P ∗ lie in the neighborhood of e∗.
Then the ombinatorial struture of E(P ∗) is equal to GT and P
∗
has two
adjaent verties h1, h2 with the sum of the urvatures near to 4π. The total
urvature of all other verties is arbitrary small.
Using Lemma 2, replae any vertex of P ∗ exept h1, h2 into the gadget. We
obtain Pneedle.
Repeat the argument from Theorem 2: let G be any spanning tree of Pneedle
and G′ its non-zero urvature part.
Any part of G′ inside eah Zi is onneted. Indeed, any omponent F of G
′∩Zi
an have a vertex with degree 1 only in zi and c1,i, c2,i. If this omponent F
ontains non-zero urvature verties, then by third ondition of theorem 2 it
has two additional ends.
Any omponent of F of G′ ∩ Zi should ontain at least two verties from
zi,1, zi,2, zi,3. Hene, G
′ ∩ Zi is onneted graph.
Fig. 21. Tutte graph GT
For eah i replae G′∩Zi into single vertex. The obtained graph G
′′
has degree
1 only in verties h1, h2. As G
′
does no have yles, G′′ is a Hamiltonian path
from h1 to h2. Adding to G
′
theedge h1h2 we obtain a Hamiltonian yle in
GT . This ontradition proves the statement.
Pneedle ontains 43 gadgets and 2 + 43 · 442 = 19008 verties.
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